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Electromagnetic lattice gauge invariance in two-dimensional discrete-time quantum
walks
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Gauge invariance is one of the more important concepts in physics. We discuss this concept
in connection with the unitary evolution of discrete-time quantum walks in one and two spatial
dimensions, when they include the interaction with synthetic, external electromagnetic fields. One
introduces this interaction as additional phases that play the role of gauge fields. Here, we present
a way to incorporate those phases, which differs from previous works. Our proposal allows the
discrete derivatives, that appear under a gauge transformation, to treat time and space on the same
footing, in a way which is similar to standard lattice gauge theories. By considering two steps of
the evolution, we define a density current which is gauge invariant and conserved. In the continuum
limit, the dynamics of the particle, under a suitable choice of the parameters, becomes the Dirac
equation, and the conserved current satisfies the corresponding conservation equation.
PACS numbers: 03.67.-a, 11.15.Ha, 03.75.-b, 47.11.Qr
Keywords: Quantum walks, Quantum simulation, Lattice gauge theories
I. INTRODUCTION
Since its introduction in the electromagnetic theory,
gauge invariance has been a paradigm in physics, and
constitutes one of the main properties of successful the-
ories such as the Standard Model of particle interactions
[1]. On the one side, the gauge principle can be used as
a guiding principle to define new theories, where the de-
velopment of the Electroweak interaction theory is just
an example. On the other side, the symmetry predicts
the existence of a conserved current, which constitutes a
powerful tool in the analysis of dynamical phenomena.
In this paper, we discuss the manifestation of U(1)
gauge invariance within the context of a discrete-time
quantum walk (DTQW) in a two-dimensional (2D) lat-
tice, which could be generalized to 3D lattices. The dy-
namics of such DTQWs is driven by the action of unitary
operators that act both on the spatial and internal de-
grees of freedom [2]. A particular interest in this gauge-
invariant dynamical scheme arises from the possibility of
describing with it, artificially, i.e. by engineering an ap-
propriate spacetime dependence of the walker’s phase,
the effect of a magnetic field, or even a combination of
electric and magnetic fields, on charged matter. By it-
self, the magnetic field gives rise to interesting phenom-
ena such as localization or controlled spreading [3] and
Landau levels [4]. The magnetic field is also one of the
main ingredients of the quantum Hall effect, with asso-
ciated topological effects [5, 6] and edge currents [7]. On
the other hand, the combination of both a magnetic and
an electric field exhibits richer features, like Bloch os-
cillations and the ~E × ~B drift [8]. The observation of
these effects with discrete-time schemes as we study here
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may be available in the future using internal-state- de-
pendent transport of atoms in 2D optical lattices [9–11],
or of photons in 3D integrated-photonics circuits [12].
In continuous-time schemes, atoms in optical lattices are
also a promising platform [13–16] to observe such effects.
In order to consistently describe these effects with
DTQWs, one needs to understand how U(1) gauge invari-
ance can be incorporated within this framework, which
differs notably from the electromagnetic theory in the
continuum (i.e., in continuous spacetime). In fact, this is
a general (serious) problem in physics, since going from
the continuum to a lattice formulation is plagued with
difficulties and new features [17–19]. Moreover, the way
of implementing gauge invariance in lattice models is usu-
ally not unique, with different approaches leading to the
same limit in the continuum. Our proposal to achieve
U(1) gauge invariance on the lattice exhibits close analo-
gies both with the method used in quantum field theory
[20] and with recent works exhibiting similar but differ-
ent U(1) lattice gauge invariances, in DTQWs [8, 21, 22]
or in reversible cellular automata [23]. We comment on
the similarities and differences with these recent works.
This paper is organized as follows. In Sec. II, we de-
fine a new family of DTQWs on a line, which satisfy a
U(1) gauge invariance on the (1+1)D lattice. The dis-
crete derivatives which intervene in this lattice gauge in-
variance treat time and space on the same footing, and
are very much like those used in standard LGTs, in con-
trast with those of Refs. [8, 22]. This is achieved by
applying the gauge-field exponentials either before or af-
ter the spatial shift, depending on whether the internal
state of the walker is, say, up or down, respectively. We
formally compute the continuum limit of these DTQWs,
which concides, as desired and as in Refs. [21, 22], with
the dynamics of a Dirac fermion in (1+1)D spacetime,
coupled to a U(1), i.e., electro(magnetic) gauge field. In
Sec. III, we extend the previous results to 2D walks, con-
structed by alternating 1D walks in the x and y directions
2of the spatial lattice. The way we ensure the U(1) lat-
tice gauge invariance of this 2D scheme is by requiring
it for each one-dimensional substep, in contrast with the
gauge invariance of Ref. [8]. This ensures that time and
space are still treated on the same footing at the level
of the discrete derivatives, up to the fact that there are
now, in 2D, two discrete derivatives in time, one for the
even discrete-time coordinates, corresponding to the mo-
tion in the, say, x direction and another one for the odd
ones, corresponding to the motion in the y direction. In
Sec. IV, finally, we derive analytically a lattice continuity
equation, stating the conservation of a certain current on
the lattice which is computed exactly. We comment on
the differences between this continuity equation and that
of Ref. [8].
II. A NEW U(1) LATTICE GAUGE
INVARIANCE FOR THE DTQW ON THE LINE
A. Defining the 1D walk
The state |ψj〉 of the walker at some arbitrary dis-
crete time j ∈ N, belongs to a Hilbert space H =
Hcoin ⊗ Hposition. The Hilbert space Hposition describes
the external, spatial degree of freedom of the walker, and
is spanned by the basis states {|x = pǫ〉}p∈Z, where ǫ is
the lattice spacing. The two-dimensional Hilbert space
Hcoin = Span{|R〉 , |L〉} describes the internal, so-called
coin degree of freedom of the walker, where ‘R’ and
‘L’ stand for ‘right’ and ‘left’. The projection of the
walker’s state on the position state |x = pǫ〉 at time j
is ψj,p ≡ 〈x = pǫ|ψj〉. We identify |R〉 = (1, 0)
⊤ and
|L〉 = (0, 1)⊤, where ⊤ denotes matrix transposition.
The dynamics of the DTQW is defined by its one- time-
step evolution operator Uj , which is unitary and may
depend on j,
|ψj+1〉 = Uj+1 |ψj〉 . (1)
As usual for DTQWs, the dynamics alternates between
(i) rotations, C, of the coin degree of freedom, and (ii)
spatial coin-state- dependent shifts, S:
U = SC , (2)
where, to lighten notations, the multiplication of C by
the identity tensor factor of the position Hilbert space has
been, and will be, in similar cases, omitted. We choose,
for the coin rotation, the following one,
C(θ) = eiσ
1 θ
2 =
[
cos θ2 i sin
θ
2
i sin θ2 cos
θ
2
]
, (3)
where σn is the nth Pauli matrix, and θ is some angle,
constant in time and uniform in position.
Now, one of the novelties of the present work, is the
way we gauge our walk. In Refs. [8, 21, 22], gauging
the walk amounts to gauge the standard coin-state- de-
pendent shift, Sfree = e
−iσ3K, where K is the quasimo-
mentum operator, as Sfree → e
iαjSfree e
−iσ3ξj , where αj,p
and ξj,p are lattice counterparts of the temporal and spa-
tial components of an electric potential of the continuum,
(A0, A1), with which they coincide in the continuum limit
of the DTQW. We have used the notation ϕj : p 7→ ϕj,p
for diagonal operators in the position basis, such as αj
and ξj . In the present work, we gauge the shift as follows:
the relative order in which the shift and the gauge-field
exponentials are applied, depend on the coin state, that
is,
S(αj , ξj) =
[
e−iKei(ξj−αj) 0
0 e−i(ξj+αj)eiK
]
(4a)
= Tei(β−)jΛR + e
−i(β+)jT †ΛL , (4b)
where † denotes Hermitian conjugation. We have intro-
duced the following objects: (i) the translation operator
by one lattice site to the right,
T = e−iK , (5)
(ii) the two projectors associated to the coin space,
Λs = |s〉〈s| , s = R,L , (6)
and (iii) the difference and sum of ξ and α,
β− = ξ − α (7a)
β+ = ξ + α . (7b)
The non-gauged coin-state- dependent shift is of course
Sfree = S(0, 0). We have chosen the superscripts R and
L for, respectively, the upper and lower components of
the wavefunction, because Sfree shifts the upper one to
the right, and the lower one to the left. To make nota-
tions clear, we introduce an auxiliary notation U˜ for the
evolution operator, such that
Uj ≡ U˜(αj , ξj , θ) (8a)
≡ S(αj , ξj)C(θ) . (8b)
B. Continuum limit of the 1D walk
A first fact to mention is that this new way of gauging
the walk does not change the continuum limit ǫ → 0.
Indeed, the fact that eiK and eif(P), where P is the po-
sition operator and f an arbitrary function, do not com-
mute, does make an important difference between the
gauge procedure of the present work and that of Refs.
[8, 21, 22] at the level of the DTQW, i.e. for a finite
spacetime-lattice spacing. However, this becomes irrele-
vant in the continuum limit, since the latter is obtained
by Taylor expanding all exponentials in their argument,
and keeping only the first-order terms: in other words,
at first order in their arguments, the exponentials always
commute.
3Let us now recall this continuum limit ǫ→ 0. Assume
that, for a given quantity Q defined on the spacetime
lattice, Qj,p coincides with the value Q(t = jǫ, x = pǫ) of
some continuous function Q of t and x. First, rotate the
coin state by a small amount at each time step, that is,
set
θ = −2ǫmm, (9)
with ǫm going to zero with ǫ, which is the necessary con-
dition for the continuum limit to exist; now, when going
to the continuum, we will actually choose ǫm = ǫ, and the
parameter m will be identified as the mass of the walker.
Second, consider small gauge fields, that is, set
αj,p = ǫAqA
0
j,p (10a)
ξj,p = ǫAqA
1
j,p , (10b)
with ǫA going to zero with ǫ, which is also a necessary
condition for the continuum limit to exist; again, when
going to the continuum, we will actually choose ǫA = ǫ,
and the parameter q will be identified as the electromag-
netic charge of the walker. Assuming now that all Q’s are
twice differentiable in both t and x, and Taylor expand-
ing the dynamics of the walker, Eq. (1), at first order in
ǫ, delivers (i) zeroth-order terms that, by construction of
our walk, cancel each other, which is a necessary condi-
tion for the continuum limit to exist, and (ii) first-order
terms, which deliver a Hamiltonian equation that can
be identified as the Dirac equation in (1+1)D spacetime,
with a coupling to a U(1) (and thus Abelian) gauge field.
This equation reads, in manifestly-covariant form,
(iγµ1DDµ −m)ψ = 0 , (11)
with µ = 0, 1, the covariant derivative Dµ = ∂µ + iqAµ,
where
A0 = A
0 , A1 = −A
1 , (12)
are the covariant components of the electric potential,
and with the following gamma matrices,
γ01D = σ
1 , γ11D = −iσ
2 . (13)
As announced, we obtain, in the limit of small coin-
rotation angles and small phases, the same continuum
limit as if we had used the gauge procedure of Refs.
[8, 21, 22].
C. A new U(1) lattice gauge invariance
Our DTQW, Eq. (1), exhibits a remarkable U(1) lat-
tice gauge invariance: it is invariant under local phase
shifts of the form ψj,p → ψ
′
j,p = e
iqχj,pψj,p, where χj,p
is an arbitrary space- and time-dependent quantity, pro-
vided the gauge fields become
(A′µ)j,p = (Aµ)j,p − (dµχ)j,p , (14)
for µ = 0, 1, with
d0 =
1
ǫA
∆0Σ1 (15a)
d1 =
1
ǫA
∆1Σ0 , (15b)
where the Σ’s and ∆’s act on sequences Qj,p of time and
space as
(ΣµQ)pµ = Qpµ+1 +Qpµ (16a)
(∆µQ)pµ = Qpµ+1 −Qpµ , (16b)
having introduced p0 ≡ j and p1 ≡ p for a more compact
notation. The discrete derivatives, Eqs. (15), treat time
and space on the same footing, on the contrary to those
of Ref. [8, 22]. Morever, the Σ’s and ∆’s defined here
are sums and differences over one lattice spacing, or link
between two sites, while in Ref. [8, 22] they were over two
links. Notice that the ∆’s are nothing but standard finite
differences over one link. The fact that, here, one has to
apply the Σ’s in addition to the ∆’s, underlines that it
may be appropriate that the gauge variables, that is, both
the gauge fields and the local phase change, be defined on
the links rather than on the sites, as in standard LGTs.
We leave this matter to future work. Up to these extra
Σ’s, the discrete derivatives involved in Eqs. (15) are the
same as those used in standard LGTs, that is, standard
finite differences.
As done in Ref. [22] for the 1D case, Ref. [8] for the 2D
case, and Ref. [24] for the non-Abelian 1D case, one can
define a lattice counterpart to the electromagnetic tensor
in the continuum,
(Fµν)j,p = (dµAν)j,p − (dνAµ)j,p , (17)
which is antisymmetric by construction. Since we are
in 1D space, the only non-vanishing components are
(F01)j,p = −(F10)j,p, which encode a lattice counter-
part to the electric field, and there is no magnetic field.
This quantity, (Fµν )j,p, is, as in the continuum, gauge-
invariant by construction (on the spacetime lattice, ob-
viously), since the dµ’s commute with each other.
In the continuum limit, dµ tends towards the partial
derivative ∂µ, the gauge transformation of Eq. (15) be-
comes the standard one of the continuum, and the lattice
counterpart to the electro(magnetic) tensor, Eq. (17), be-
comes that electro(magnetic) tensor.
III. 2D GENERALIZATION BY ALTERNATING
1D WALKS ALONG THE x AND y DIRECTIONS
A. Defining the 2D walk
The walker can now move on a 2D lattice, and has
spatial coordinates x = pǫ and y = qǫ, where p, q ∈ Z.
We will also use the notation p = p1 and q = p2. Now,
the 1D walk defined in the previous section admits a 2D
4generalization via a walk which alternates 1D walks in the
x and y directions of the 2D lattice. This generalization
reads
|ψ2l〉 = U
(1)
2l |ψ2l−1〉 (18a)
|ψ2l+1〉 = U
(2)
2l+1 |ψ2l〉 , (18b)
with l ∈ N and where, for i = 1, 2,
U
(i)
j ≡ U˜
(i)(12αj , ξ
i
j , θ
i) (19a)
≡ S(i)(12αj , ξ
i
j)C(θ
i) , (19b)
and
S(i)(12αj , ξ
i
j) = Tie
i(β
(i)
−
)jΛR + e
−i(β(i)+ )jT †i ΛL , (20)
where
Ti = e
−iKi , (21)
Ki being the quasimomentum operator along direction i,
and
(β
(i)
− )j,p,q = ξ
i
j,p,q −
1
2
αj,p,q (22a)
(β
(i)
+ )j,p,q = ξ
i
j,p,q +
1
2
αj,p,q . (22b)
When the gauge fields, αj , ξ
1
j and ξ
2
j , vanish, the al-
ternate walk is translationally invariant in both time and
space every two time steps. We will thus sometimes use
the wording ‘substep’ for the time evolutions 2l− 1→ 2l
and 2l→ 2l+1, and the wording ‘step’ for 2l−1→ 2l+1.
We also introduce the two-substep walk,
|ψ2l+1〉 = U
2D
2l+1 |ψ2l−1〉 , (23)
where
U2D2l+1 = U
(2)
2l+1 U
(1)
2l . (24)
B. Continuum limit for the 2D walk
We perform the continuum limit of the two-substep
walk. Adapting the 1D-case procedure, we write
αj,p,q = ǫAqA
0
j,p,q (25a)
ξij,p,q = ǫAqA
i
j,p,q , (25b)
for i = 1, 2. Moreover, we choose
θ1 =
π
2
− ǫmm (26a)
θ2 = −
π
2
− ǫmm. (26b)
Assume now that, for a quantity defined on the spacetime
lattice, Qj,p,q coincides with the value Q(t = jǫ/2, x =
pǫ, y = qǫ) of some continuous function Q(t, x, y). The
factor 1/2 in the time variable is necessary to make the
continuum limit of this two-substep DTQW match with
the standard form of the Dirac equation. Taking the
continuum limit, ǫ → 0, of Eq. (18), with ǫA = ǫm = ǫ,
we obtain
(iγµDµ −m)ψ = 0 , (27)
with
γ0 = σ1 , γ1 = −iσ3 , γ2 = −iσ2 . (28)
C. Two-substep U(1) lattice gauge invariance
By construction from 1D gauge-invariant walks, the 2D
walk we have introduced, Eq. (18), is invariant under the
local phase shift ψj,p,q → ψ
′
j,p,q = e
iqχj,p,qψj,p,q, provided
the gauge fields become
(A′0)j,p,q =

 (A0)j,p,q − (d
1
0χ)j,p,q for j even
(A0)j,p,q − (d
2
0χ)j,p,q for j odd
(29a)
(A′i)j,p,q = (Ai)j,p,q − (diχ)j,p,q , (29b)
for i = 1, 2, with
dk0 =
1
ǫA
∆0Σk (30a)
di =
1
ǫA
∆iΣ0 . (30b)
A first comment to make is that this 2D U(1) lattice
gauge invariance differs from that of Ref. [8] in the fol-
lowing: we have required, here, the gauge invariance for
each one-dimensional substep; we thus call this 2D U(1)
lattice gauge invariance a two-substep gauge invariance.
In such a two-substep gauge invariance, A0 transforms,
by construction, differently at even and odd times: in-
deed, we have two different difference operators in time,
d10 for even times, and d
2
0 for odd times, which manifests
the alternate construction of the walk.
Apart from this, the difference operators of Eq. (30)
are a straightforward generalization of those used above
in the 1D case, Eq. (15). As in the 1D case, the difference
operators of Eq. (30) treat space and time on the same
footing (up to the two discrete derivatives in time), in
constrast with Ref. [8]. Additionally, in the present 2D
case, these difference operators also treat the two direc-
tions of the lattice on the same footing, which is also in
contrast with Ref. [8].
Finally, one can define a lattice counterpart to the elec-
tromagnetic tensor, by generalizing the 1D lattice tensor,
Eq. (17), to the present 2D setting. Notice that one has
to use the discrete temporal derivative di0 in the defini-
tion of F0i, so that F01 and F02 involve different dis-
crete temporal derivatives. This 2D lattice tensor has by
construction the same properties of antisymmetry and of
U(1) lattice gauge invariance as in the 1D case, and con-
tains, additionally, a ‘lattice magnetic field’ orthogonal
5to the 2D plane, namely, (F12)j,p,q, for which there is no
room in the 1D case.
In Ref. [25], a three-substep U(1) lattice gauge invari-
ance is suggested for a 2D DTQW on an equilateral tri-
angular lattice, which is likely to be generalizable to the
other DTQWs presented in this reference (isocele trian-
gular and honeycomb lattices). There are two main dif-
ferences between this work and the present one. First,
the correspondence between the spatial components of
the lattice gauge field and those of the continuum is, in
Ref. [25], not one to one: three such components are
needed on the lattice – one for each substep –, while, the
scheme being in 2D space, only two such components are
needed in the continuum, which can be expressed as lin-
ear combinations of the three former ones, see Eqs. (18)
of that reference. In the present work, in contrast, the
spatial components of the lattice gauge field match ex-
actly those of the continuum. This difference between
Ref. [25] and the present work reflects the connectivity
of the lattice, and calls for an understanding, in arbi-
trary nD lattices, n ∈ N, of the coupling of DTQWs to
lattice counterparts of the electric and magnetic fields of
the nD continuum. Reference [26] opens the way to such
an understanding.
The second main difference between Ref. [25] and the
present work is that in the former, the relative order in
which one applies the gauge field and the shift is not
coin-state dependent, in contrast with ours. As a con-
sequence, the difference operators appearing in Ref. [25]
do not treat time and space on the same footing as we
do. More precisely, the temporal difference operator of
Ref. [25], see, e.g., the first equation of Eqs. (17) of that
reference, is the same as that of the earlier work already
mentioned previously, namely, Ref. [8][27], and we al-
ready mentioned above that, in that earlier work, time
and space are not treated on the same footing at the level
of the difference operators, in contrast with the present
work.
Eventually, notice the two following facts. If one tries
to impose to the 2D walk of Ref. [8] a U(1) lattice gauge
invariance for each one-dimensional substep, one needs
at least to choose, for the corresponding gauge fields,
linear combinations of those introduced in that reference
– for the no-substep gauge invariance –, but at different
spacetime-lattice sites. The same thing happens when
trying to impose, conversely, a no-substep U(1) lattice
gauge invariance to the present 2D walk.
IV. CONTINUITY EQUATION AND
CONSERVED CURRENT FOR THE 2D WALK
In this section, we derive a lattice continuity equation
from the dynamics of the DTQW, allowing us to intro-
duce a current density which is both conserved and gauge
invariant. In the whole section, we work on the space-
time lattice, and use the notations t = jǫ, x = pǫ and
y = qǫ, already introduced previously. By construction,
the probability density at time t and point (x, y) is
J0(t, x, y) = 〈ψt|Λx,y |ψt〉 , (31)
where Λx,y = |x, y〉〈x, y| is the projector on state |x, y〉.
Now, another novelty of the present work with respect
to Ref. [8], apart from the way we gauge our walk, dis-
cussed in the previous sections, is that we are going to
derive our continuity equation and define the current den-
sity over two time steps, i.e. 2ǫ, of Evolution (23), i.e.
four integers steps in the discrete-time variable j, since
t = jǫ/2, while Ref. [8] considers a single time step of
this evolution to define the current density. As the reader
shall see, this – i.e. considering two time steps to derive
the continuity equation, instead of a single one – will
lead to the appearance of the standard (symmetric) fi-
nite difference as discrete derivatives, both in time and
space, while the discrete derivatives of Ref. [8] are more
complicated, in particular the temporal one.
So, from this evolution over two time steps, one can
easily derive a formula for the difference J0(t+ ǫ, x, y)−
J0(t− ǫ, x, y), which can be written as
[∆sym.0 J
0](t, x, y) = (32)
1
2
〈ψt|
(
U2Dt+ǫ
†
Λx,yU
2D
t+ǫ − U
2D
t−ǫΛx,yU
2D
t−ǫ
†)
|ψt〉 ,
where, pay attention, we have used the following notation
of the Hermitean conjugate for the backwards evolution,
U2D
†
t−ǫ ≡ U
(1)†
t−ǫ/2 U
(2)†
t , and where [∆
sym.
0 f ] (t, x, y) ≡
1
2 [f(t+ ǫ, x, y)− f(t− ǫ, x, y)], which defines a symmet-
ric finite difference in time. We compute this quantity
in App. A, and the result is given by Eq. (A6). We can
then recast Eq. (A6), i.e. Eq. (32), as
∆sym.µ J
µ = 0 , (33)
with implicit sum over µ = 0, 1, 2, and where
we have introduced the symmetric finite differences
in the x and y directions, [∆sym.1 f ] (t, x, y) ≡
1
2 [f(t, x+ ǫ, y)− f(t, x− ǫ, y)] and [∆
sym.
2 f ] (t, x, y) ≡
1
2 [f(t, x, y + ǫ)− f(t, x, y − ǫ)]. Equation (33) has the
form of a continuity equation on the lattice. J1 = Jx
and J2 = Jy, appearing naturally as the current densi-
ties along the x and y directions, respectively, are defined
by
Jx(t, x, y) = 〈ψt|Λx
[
eiβ
y
−
(t,x,y)eiβ
y
+(t,x,y−ǫ)D2M (1)x
+ e−iβ
y
+(t,x,y−ǫ)e−iβ
y
−
(t,x,y)D†2M
(2)
x
+ Λy−ǫM (3)x
+ Λy+ǫM
(4)
x
]
|ψt〉 , (34)
6and
Jy(t, x, y) = 〈ψt|Λy
[
eiβ
x
+(t+
ǫ
2 ,x,y)eiβ
x
−
(t+ ǫ2 ,x−ǫ,y)D1M (1)y
+ e−iβ
x
−
(t+ ǫ2 ,x−ǫ,y)e−iβ
x
+(t+
ǫ
2 ,x,y)D†1M
(2)
y
+ Λx+ǫM
(3)
y
+ Λx−ǫM (4)y
]
|ψt〉 , (35)
where we have used the following notations:
βx± = β
(1)
± , β
y
± = β
(2)
± , (36a)
Sx = S
(1) , Sy = S
(2) , (36b)
Cx = C(θ
1) , Cy = C(θ
2) . (36c)
The rest of the notations we have introduced are defined
in App. A.
Both the time and space differences are symmetric,
which implies that they can be used to approximate true
derivatives with a truncation errorO(ǫ3), in contrast with
the difference schemes over one time step, as that in Ref.
[8], where the error is O(ǫ2). There is a price to pay for
this at the level of the discrete-spacetime scheme: the
current is only defined at times t which are even multi-
ples of the time step ∆t, while the walk is defined at all
times – less importantly, one needs in practice, in order
to compute the current dynamics over a given area on a
finite-size 2D lattice, more sites on the edges of that area
with a two-step current than with a single-step one.
In terms of formal simplicity and connection to stan-
dard lattice gauge theories, notable advantages of the
present continuity equation, Eq. (33), with respect to
that of Ref. [8], is that the difference operators involved
in it, i.e the ∆sym.’s, not only (i) treat all three space-
time coordinates on the same footing (while all three
are treated differently in Ref. [8]), but (ii) correspond, in
addition, to standard symmetric finite differences, while
more complicated operators are used in Ref. [8]. As in
Ref. [8], however, the present difference operators inter-
vening in the continuity equation are still different from
those intervening in the gauge invariance.
It is easy to check (i) that the current densities defined
above are gauge invariant under the transformations of
Eq. (29), and (ii) that Eq. (33) ensures the conserva-
tion of the total probability, i.e.
∑
x,y J
0(t, x, y) does not
change with time.
Eventually, notice the following. On the one hand, one
can check that the present 2D DTQW, defined by Eqs.
(18), satisfies, in addition to the present two-step lat-
tice continuity equation, a single-step one – obtained by
comparing the probability densities between two consec-
utive instants –, which has the same structure as that
of Ref. [8], and involves, in particular, the same discrete
derivatives – the corresponding current is gauge invariant
under the gauge transformations defined in the present
work. On the other hand, one can also check that the
2D DTQW defined in Ref. [8] satisfies, in addition to the
single-step lattice continuity equation presented in that
reference, a two-step one, which has the same structure as
that of the present work, and involves, in particular, also
symmetric finite differences as discrete derivatives – the
corresponding current is gauge invariant under the gauge
invariance of Ref. [8], which, recall, is different from the
present one. These two combined results indicate that
the ‘symmetrization’ of the discrete derivatives when go-
ing from single-step to two-step continuity equations is
independent from the way one gauges the walk, and is
solely due to the alternate construction of the 2D walk.
V. CONCLUSION
In this paper we have discussed some of the sub-
tleties related to gauge invariance on discrete-time quan-
tum walks that include the interaction with external,
synthetic electromagnetic fields, appearing as additional
phases related to those fields. As in standard lattice
gauge theories, the way to introduce such interactions
is not unique, and can lead to interesting new features.
We introduce these additional phases in a way that dif-
fers from previous works in the literature. We have first
described how this definition works for one-dimensional
discrete-time quantum walks. This procedure has the
advantage that the discrete derivatives which intervene
in this lattice gauge invariance treat time and space on
the same footing, and are very much like those used in
standard LGTs, in contrast with those of Refs. [8, 22].
We extended the above dynamics to 2D lattices, by
alternating 1D walks in the x and y directions of the
spatial lattice, where we ensure the U(1) lattice gauge
invariance of this 2D scheme by requiring it for each one-
dimensional substep, in contrast with the gauge invari-
ance of Ref. [8]. Also here, time and space are treated on
the same footing at the level of the discrete derivatives –
up to the fact that there are now, in 2D space, two dis-
crete derivatives in time, one for the even discrete-time
coordinates, corresponding to the motion in the, say, x
direction, and another one for the odd ones, correspond-
ing to the motion in the y direction.
By taking two time steps of the alternate walk, we in-
troduced a density current which is both conserved and
gauge invariant. Both in the 1D and in the 2D cases,
we have computed the continuum limit of these DTQWs.
They coincide, as desired and as in Refs. [21, 22] and
[8, 22], respectively, with the dynamics of a Dirac fermion
in (1+1)D and (1+2)D spacetime, respectively, coupled
to a U(1), i.e., electromagnetic gauge field. We also
showed that, in two dimensions, the current conserva-
tion reproduces, in the continuum, that corresponding to
the Dirac field. The procedure discussed here could be
easily extended to the case of 3D lattices.
In our opinion, this work represents a sensible step on
the way to quantum simulating the dynamics of a Dirac
particle coupled to an external electromagnetic field. In
addition to this, the quantum walk, as a dynamical pro-
cess taking place on a lattice, introduces by itself new in-
7teresting phenomena, which are still to be fully explored
even in the case of two dimensional lattices, which is the
minimum dimensionality allowing for the description of
both an electric and a magnetic field.
Let us finally mention that a recent work [28] presents
a unified framework to understand U(1) gauge invariance
in discrete-time quantum walks on lattices and with coin
spaces of arbitrary dimensions. This work should at the
very least enlighten this field.
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8Appendix A: Derivation of the continuity equation
We start from Eq. (32), with the purpose of obtaining
the continuity equation, Eq. (33). First, we work out the
term
U2Dt−ǫΛx,yU
2D
t−ǫ
†
≡
(
Tye
iβy
−
(t,x,y)MRy + e
−iβy+(t,x,y)T †yMLy
)
(
Txe
iβx
−
(t− ǫ2 ,x,y)MRx + e
−iβx+(t− ǫ2 ,x,y)T †xMLx
)
Λx,y(
e−iβ
x
−
(t− ǫ2 ,x,y)T †xM
†
Rx
+ Txe
iβx+(t− ǫ2 ,x,y)M †Lx
)
(
e−iβ
y
−
(t,x,y)T †yM
†
Ry
+ Tye
iβy+(t,x,y)M †Ly
)
, (A1)
having used the notations
Tx = T1, Ty = T2, (A2a)
Msi = ΛsCi , s = R,L, i = x, y . (A2b)
After some tedious algebra, we arrive to
U2Dt−ǫΛx,yU
2D
t−ǫ
†
= Λx+ǫ,y+ǫMRyMRxM
†
Rx
M †Ry
+ eiβ
y
−
(t,x+ǫ,y)eiβ
y
+(t,x+ǫ,y−ǫ)Λx+ǫD2M (1)x
+ Λx−ǫ,y+ǫMRyMLxM
†
Lx
M †Ry
− eiβ
y
−
(t,x−ǫ,y)eiβ
y
+(t,x−ǫ,y−ǫ)Λx−ǫD2M (1)x
+ e−iβ
y
+(t,x+ǫ,y−ǫ)e−iβ
y
−
(t,x+ǫ,y)Λx+ǫD
†
2M
(2)
x
+ Λx+ǫ,y−ǫMLyMRxM
†
Rx
M †Ly
− e−iβ
y
+(t,x−ǫ,y−ǫ)e−iβ
y
−
(t,x−ǫ,y)Λx−ǫD
†
2M
(2)
x
+ Λx−ǫ,y−ǫMLyMLxM
†
Lx
M †Ly . (A3)
Similarly, the Hermitian conjugate is given by
U2Dt+ǫ
†
Λx,yU
2D
t+ǫ = Λx−ǫ,y−ǫM
†
Rx
M †RyMRyMRx
+ e−iβ
x
−
(t+ ǫ2 ,x−ǫ,y−ǫ)e−iβ
x
+(t+
ǫ
2 ,x,y−ǫ)D†1Λy−ǫM
(2)
y
+ Λx−ǫ,y+ǫM
†
Rx
M †LyMLyMRx
− e−iβ
x
−
(t+ ǫ2 ,x−ǫ,y+ǫ)e−iβ
x
+(t+
ǫ
2 ,x,y+ǫ)D†1Λy+ǫM
(2)
y
+ eiβ
x
+(t+
ǫ
2 ,x,y−ǫ)eiβ
x
−
(t+ ǫ2 ,x−ǫ,y−ǫ)D1Λy−ǫM (1)y
+ Λx+ǫ,y−ǫM
†
Lx
M †RyMRyMLx
− eiβ
x
−
(t+ ǫ2 ,x−ǫ,y+ǫ)eiβ
x
+(t+
ǫ
2 ,x,y+ǫ)D1Λy+ǫM
(1)
y
+ Λx+ǫ,y+ǫM
†
Lx
M †LyMLyMLx . (A4)
In the above equations, we have introduced the pro-
jectors Λx = |x〉〈x|, Λy = |y〉〈y|, the operators D1 =
|x+ ǫ〉〈x− ǫ|, D2 = |y + ǫ〉〈y − ǫ|, and
M (1)x = MRyMRxM
†
Rx
M †Ly (A5a)
M (2)x = MLyMRxM
†
Rx
M †Ry (A5b)
M (1)y = M
†
LxM
†
Ry
MRyMRx (A5c)
M (2)y = M
†
Rx
M †RyMRyMLx . (A5d)
Performing in Eq. (32) the substraction U2Dt+ǫ
†
Λx,yU
2D
t+ǫ−
U2Dt−ǫΛx,yU
2D
t−ǫ
†
with the expressions obtained just above
yields
2[∆sym.0 J
0](t, x, y) = Λx+ǫ,y+ǫM
(2)
Λ + Λx−ǫ,y+ǫM
(4)
Λ + Λx+ǫ,y−ǫM
(1)
Λ + Λx−ǫ,y−ǫM
(3)
Λ
+
(
eiβ
x
+(t+
ǫ
2 ,x,y−ǫ)eiβ
x
−
(t+ ǫ2 ,x−ǫ,y−ǫ)Λy−ǫ − eiβ
x
+(t+
ǫ
2 ,x,y+ǫ)eiβ
x
−
(t+ ǫ2 ,x−ǫ,y+ǫ)Λy+ǫ
)
D1M
(1)
y
+
(
e−iβ
x
−
(t+ ǫ2 ,x−ǫ,y−ǫ)e−iβ
x
+(t+
ǫ
2 ,x,y−ǫ)Λy−ǫ − e−iβ
x
−
(t+ ǫ2 ,x−ǫ,y+ǫ)e−iβ
x
+(t+
ǫ
2 ,x,y+ǫ)Λy+ǫ
)
D†1M
(2)
y
+
(
eiβ
y
−
(t,x−ǫ,y)eiβ
y
+(t,x−ǫ,y−ǫ)Λx−ǫ − eiβ
y
−
(t,x+ǫ,y)eiβ
y
+(t,x+ǫ,y−ǫ)Λx+ǫ
)
D2M
(1)
x
+
(
e−iβ
y
+(t,x−ǫ,y−ǫ)e−iβ
y
−
(t,x−ǫ,y)Λx−ǫ − e−iβ
y
+(t,x+ǫ,y−ǫ)e−iβ
y
−
(t,x+ǫ,y)Λx+ǫ
)
D†2M
(2)
x , (A6)
having introduced
M
(1)
Λ = M
†
Lx
M †RyMRyMLx −MLyMRxM
†
Rx
M †Ly (A7a)
M
(2)
Λ = M
†
Lx
M †LyMLyMLx −MRyMRxM
†
Rx
M †Ry (A7b)
M
(3)
Λ = M
†
Rx
M †RyMRyMRx −MLyMLxM
†
Lx
M †Ly (A7c)
M
(4)
Λ = M
†
Rx
M †LyMLyMRx −MRyMLxM
†
Lx
M †Ry. (A7d)
Now, one can check that the following relations hold,
M
(1)
Λ = M
(3)
y −M
(3)
x (A8a)
M
(2)
Λ = −M
(3)
y −M
(4)
x (A8b)
M
(3)
Λ = M
(4)
y +M
(3)
x (A8c)
M
(4)
Λ = −M
(4)
y +M
(4)
x , (A8d)
9having introduced
M (3)x = ΛLCyΛRC
†
yΛL (A9a)
M (4)x = ΛRCyΛRC
†
yΛR − C
†
xΛLCx (A9b)
M (3)y = C
†
xΛLC
†
yΛRCyΛLCx (A9c)
M (4)y = C
†
xΛRC
†
yΛRCyΛRCx − ΛL . (A9d)
so that the above continuity equation, Eq. (A6), can be
recast as Eq. (33).
Appendix B: Continuum limit of the current
Let us check that the lattice continuity (or current-
conservation) equation, Eq. (A6), tends, in the contin-
uum limit, towards the standard continuity equation in-
volving the Dirac current jµ = ψ¯γµψ. Taylor expanding
the following quantities at first order in ǫ yields:
J0(t+ ǫ, x, y)− J0 (t− ǫ, x, y) = 2ǫ∂tJ0 (t, x, y) (B1a)
(Λx−ǫ − Λx+ǫ) = −2ǫ∂xΛx (B1b)
(Λy−ǫ − Λy+ǫ) = −2ǫ∂yΛy . (B1c)
Making use of Eqs. (34) and (35), one arrives to
∂tJ0 (t, x, y) (B2)
= −∂x 〈ψt|Λxy
(
M (1)x +M
(2)
x +M
(3)
x +M
(4)
x
)
|ψt〉
− ∂y 〈ψt|Λxy
(
M (1)y +M
(2)
y +M
(3)
y +M
(4)
y
)
|ψt〉 .
In our particular case, the coin matrices are, at zeroth
order in ǫ, Cx =
1√
2
[
1 i
i 1
]
and Cy =
1√
2
[
1 −i
−i 1
]
, so
that
M (1)x +M
(2)
x +M
(3)
x +M
(4)
x =
[
0 i
−i 0
]
= γ0γ1 (B3a)
M (1)y +M
(2)
y +M
(3)
y +M
(4)
y =
[
1 0
0 −1
]
= γ0γ2 . (B3b)
Finally, the continuum limit of our continuity equation
reads
∂tJ0 (t, x, y) = −∂x 〈ψt|Λxyγ
0γ1 |ψt〉
− ∂y 〈ψt|Λxyγ
0γ2 |ψt〉 . (B4)
This equation can be recast as ∂µ(ψ¯γ
µψ) = 0, the ex-
pected current-conservation equation.
